Pulling back the Gromoll-Meyer construction and models of exotic spheres by Sperança, Llohann D.
ar
X
iv
:1
01
0.
60
39
v3
  [
ma
th.
DG
]  
8 M
ay
 20
14
PULLING BACK THE GROMOLL-MEYER CONSTRUCTION
AND MODELS OF EXOTIC SPHERES
L. D. SPERANC¸A
Abstract. Here we generalize the Gromoll-Meyer construction of an exotic
7-sphere by producing geometric models of exotic 8, 10 and Kervaire spheres
as quotients of sphere bundles over spheres by free isometric actions. We give
a geometric application at the end.
1. Introduction
An exotic sphere is a differentiable manifold homeomorphic, but not diffeomor-
phic, to an standard Euclidean sphere Sn; the existence of such manifolds was dis-
covered by Milnor [Mil56], and in fact he gave a description of (some) 7-dimensional
exotic spheres by modelling them as 3-sphere bundles over S4 with structure group
SO(4).
A milestone in the study of the geometric structure of exotic spheres was the
presentation, by Gromoll and Meyer [GM72], of an exotic sphere as a quotient of
the Lie group Sp(2) of quaternionic unitary matrices by an explicit S3 action. More
precisely, considering S7 the unitary sphere of the quaternionic plane, H2,
Sp(2) =
{
Q =
(
a c
b d
)
∈ S7 × S7 | c¯a+ d¯b = 0
}
And the group of unit quaternions S3 acts in Sp(2) by
q ⋆
(
a c
b d
)
=
(
qaq¯ qc
qbq¯ qd
)
(1.1)
In fact, the Gromoll-Meyer construction fits inside a richer framework. First
observe that we have what we call the “standard” action of S3 in Sp(2),
q •
(
a c
b d
)
=
(
a cq¯
b dq¯
)
(1.2)
These two actions commute, and they give rise to a cross diagram
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(1.3) S3
•
S3
⋆
Sp(2)
pr

pr′
// Σ7
S7
The cross diagram contains a wealth of information about the geometry of the
Gromoll-Meyer sphere; especially of its geodesics and submanifolds, e.g.[Dur01,
DRM04, ADPR07, DR09]. In particular, note that each one of the actions descends
to symmetries of the quotient by the other action.
The main point of this paper is that the Gromoll-Meyer construction can be
pullbacked to give explicit quotient models of exotic spheres and related phenomena
in dimensions 8 and 10 (Theorem 1). For 7-dimensional exotic spheres, it was shown
in [DPR10] that the Gromoll-Meyer construction in facts describes all 7-dimensional
exotic spheres, via pullbacking by the Cayley power self-map of S7.
We actually go beyond pullbacking the Gromoll-Meyer construction; in section
4 we give all Kervaire manifolds as quotients by O(n)-actions on pullbacks of frame
bundle of round spheres.
As an example of geometric application of these presentations we show that the
wiedersehen metrics and their relationship with the exotic diffeomorphisms that
began in [Dur01] can also be pullbacked in all of these examples. In [Dur01], the
geometry of an explicit wiedersehen metric on the Gromoll-Meyer sphere is used
to construct a rather symmetric formula for an exotic (degree 1 but not isotopic to
the identity) diffeomorphism σ : S6 → S6. If one thinks on homotopy n-spheres as
manifolds obtained by clutching two discs by a diffeomorphism (as Smale’s theorem
allows for n > 4), the group structure given by connected sum of homotopy n-
spheres is translated as the group structure given by composition in the group of
diffeomorphisms of the euclidean (n− 1)-sphere up to isotopy. One missing desired
property of the construction in [Dur01] is the realization of this group structure as
the powers of σ, in the sense that, the group of homotopy 7-spheres is the cyclic
group with 28 elements although we cannot find an explicity isotopy from σ28 to
the identity map. Here we go further and present a clutching diffeomorphism of the
exotic 8-sphere together with an isotopy of its double to the identity (thus realizing
the group of homotopy 8-spheres as the cyclic group with two elements).
2. Pulling Back the Gromoll-Meyer Construction and 8 and 10
dimensional Exotic Spheres
Consider as in the introduction, the Gromoll-Meyer construction as a pair of
commuting free action on Sp(2). We present here a natural way to pull-back both
actions simultaneously; we first describe the kind of pullbacks we deal with in
general and then specialize to the specific pullbacks that gives 8 and 10 dimensional
exotic spheres.
Let’s start taking Sp(2) as the principal bundle over S7 defined by action (1.2).
Observe that the quotient projection S3
•
· · · Sp(2)
pr
→ S7 is given by projection into
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the first column of Q, i.e.
pr
(
a c
b d
)
=
(
a
b
)
We also recall that, if f : M → S7 is a map, we can define the pull-back bundle
π : f∗Sp(2)→M as the bundle with total space
f∗Sp(2) = {(x,Q) ∈M × Sp(2) | f(x) = pr(Q)}(2.1)
and projection π(x,Q) = x. In particular, (x,Q) ∈ f∗Sp(2) if and only if it is of
the form
(2.2) (x,Q) =
(
x,
(
a(x) c
b(x) d
))
where a and b are comlpetly defined by the identity (a(x), b(x))t = π(x) ∈ S7. This
is a principal bundle with the action
q •
(
x,
(
a(x) c
b(x) d
))
=
(
x, q •
(
a(x) c
b(x) d
))
=
(
x,
(
a(x) cq¯
b(x) dq¯
))
which is well-defined since (cq¯, dq¯) is quaternionic orthogonal to (a(x), b(x)) as it
is (c, d). Or, in other words, since pr(q • Q) = π(Q) = f(x). Furthermore, if we
require some equivariance from f , we can indeed pull-back both actions on Sp(2)
simultaneously. First observe that, since (1.1) commutes with (1.2), it induces the
following S3-action on S7, given by projecting q ⋆ Q to the first column:
q ·
(
a
b
)
=
(
qaq¯
qbq¯
)
(2.3)
Now, suppose that M is an S3-manifold and that f : M → S7 is a S3-equivariant
map with respect to this action. Then we observe that
(2.4) q ⋆ (x,Q) =
(
qx,
(
a(qx) qc
b(qx) qd
))
=
(
qx,
(
qa(x)q¯ qc
qb(x)q¯ qd
))
is a well-defined free action on f∗Sp(2) since the rightmost side is clearly a free
action and that
f(qx) = q · f(x) = q · pr(Q) = pr(q ⋆ Q).
In particular, f∗Sp(2) also fits in a cross-diagram:
(2.5) S3
•
S3
⋆
f∗Sp(2)
π

π′
// M ′
M
In what follows we will see how this construction can be used to relate geometry
and different constructions of some exotic spheres.
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2.1. 8 and 10 dimensional spheres. Consider S8 as the unit sphere on R×H2
and f8 : S
8 → S7 as
f8

λx
w

 = 1√
λ2 + |x|4 + |w|2
(
λ+ xix¯
w
)
(2.6)
This map is equivariant with respect to the action
(2.7) q ·

λx
y

 =

 λqx
qwq¯


and (2.3). In particular, as we observed, the manifold E11 = f∗8Sp(2) admits two
S3 free action, the usual induced from the principal π11 : E11 → S8 and a new
action
q ⋆

 λx
y
c
d

 =

 λqx
qwq¯
qc
qd

(2.8)
where, for simplicity, we identified E11 with the a subset of S8 × S7 by forgetting
the first column of Q in (2.2). Soon we will see that the quotient of E11 by this
action is diffeomorphic to the only exotic sphere in dimension 8.
Let us now consider S10 as the unit sphere in Im×H2 and the map f10 : S
10 → S7
defined by
f10

pw
x

 = (b(p, w)
x
)
(2.9)
where b : D7 → D4 is the radial extension of the Blakers-Massey element b : S6 →
S3 firstly defined in [DRM04] by
b(p, w) =
{
w
|w|e
πp w¯
|w| , w 6= 0
−1 w = 0 .
We endow S10 with the S3 action
q ·

pw
x

 =

 pqw
qxq¯

(2.10)
and observe that f10 is equivariant with respect to this action and (2.3). By re-
placing b by a equivariant smoothing of the mentioned radial extension we get a
new bundle π13 : f∗10Sp(2) = E
13 → S10 which admits a ⋆-action analogous to the
one in E11. This action will be also free and we will prove here that
Theorem 1. The quotients of E11 and E13 by their respective ⋆-actions are dif-
feomorphic to the only exotic sphere of dimension 8 and a generator of the index 2
subgroup of 10-dimensional homotopy spheres.
By using the notion a construction related to these pullbacks, we also get ex-
plicit representatives of their clutching diffeomorphisms. With this in hand we also
present an explicit isotopy from the square of the diffeomorphism representing the
8-dimensional sphere to the identity.
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3. Recognizing some Exotic Spheres
An advantage of describing a manifold as a quotient is a relative freedom about
charts. In fact, we get different descriptions of a quotient by choosing different
transversal sections on the total space. Since the total spaces we deal with are, in
some sense, pullbacks of other well known spaces, we can try to pullback some good
descriptions of one space to the other.
In fact, that is how we can relate the following constructions of our spheres which
appears in literature:
• the gluing of two discs by an ‘exotic’ diffeomorphism;
• its plumbing description;
• the quotient of a relatively reasonable space (e.g. a sphere bundle over a
sphere) by an action.
In this section, we use the idea of pullback to induce a plumbing description on
Σ8 from a plumbing description on Σ7. In the case of the Gromoll-Meyer sphere, the
passage from quotient to plumbing description is essentially Theorem 1 of [GM72].
We start by choosing suitable subsets on S7 which describe, in a equivariant way,
the bundle π : Sp(2)→ S7 respecting action ⋆. Here we observe that we can give a
full description of this bundle and, therefore, its pullbacks as well. After that, we
see how this provides a plumbing description for the quotients.
We can produce a 7-sphere by identifying the common boundary of D4×S3 with
S3×D4 and this is done in the following manner: consider the following subsets of
S7:
ν(S3)+ = {(x, y) ∈ S
7 | x 6= 0}(3.1)
ν(S3)− = {(x, y) ∈ S
7 | y 6= 0}(3.2)
This set intersect on a tubular neighborhood of the S3×S3 torus inside S7 given
by |x|2 = |y|2 = 1/2. So S7 is identified with the gluing of the subsets above along
this torus. Topologically this can be also done discarding part of the intersection of
each subset ν(S3)± with the tubular neighborhood of the torus, in a way that the
only points which appear on both parts of the manifold is the points of the torus.
To say, we can consider, instead of ν(S3)±, the subsets
ν¯(S3)+ = {(x, y) ∈ S
7 | |x|2 ≥ 1/2}(3.3)
ν¯(S3)− = {(x, y) ∈ S
7 | |y|2 ≥ 1/2}(3.4)
Since these subsets are diffeomorphic to S3 ×D4 and D4 × S3 (being the last the
product of a sphere with a disc with radius 1), we can just consider S7 as the gluing
of D4×S3 and S3×D4 by there common boundary, simultaneously identified with
the torus S3 × S3 thus making S7 the ‘trivial’ plumbing.
A strong point here that makes our calculations considerably cleaner is that we
can really make the last identification in the differentiable category. In fact, there
is only one way to make this gluing a differentiable manifold preserving the already
fixed structures on the products of spheres and discs and the isotopic class of the
gluing diffeomorphism of S3×S3 (which is, in this case, the identity). Equivalently,
there is only one way to “straighten the angles” in the resulting manifold.
Now, trivializing Sp(2) over the subsets ν(S3)± is simple and we can do it in a
way that the ⋆-action has also a nice form. Spelling out this fact we get
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Theorem 2. Sp(2) with the • and ⋆ actions is equivariantly diffeomorphic to
D4 × S3 × S3 ∪fθ S
3 ×D4 × S3(3.5)
where fθ(x, y, g) = (x, y, gxy¯) and, in each part the • and ⋆ actions are realized as
q • (x, y, g) = (x, y, qg);(3.6)
q ⋆ (x, y, g) = (qxq¯, qyq¯, gq¯).(3.7)
Here we can think that we realized Sp(2) as the bundle over D4 × S3 ∪ S3 ×D4
with transition function θ : S3 × S3 → S3 given by θ(x, y) = xy¯. To get an
analogous description of a pullback of this bundle we can observe that if we take
the first pair of subspaces ν(S3)± and consider its pre-images under f8, we get a
pair of trivializing subsets on f∗8Sp(2)→ S
8:
f−18 (ν(S
3)+) = {(x, y) ∈ S
7 | λ2 + |x|2 6= 0}(3.8)
f−18 (ν(S
3)−) = {(λ, x, y) ∈ S
8 | w 6= 0}(3.9)
Following the same lines of S7, with these subsets we arrive to description of S8 as
the glueing of S4×D4 and D5× S3. Furthermore, we can make its intersection be
the exact pre-image of the torus we fixed on S7. With this procedure we get E11
with transition map θf8 : S
4 × S3 → S3 given by
θf8(λ, x, w) = η(λ, x)w
−1
where η : S4 → S3 is the suspension of Hopf given by
η(λ, x) =
1√
λ2 + |x|4
(λ+ xix¯)
The easiest way to get to this maps is through an equivariant homotopy of f8.
Indeed, it is a straightforward exercise to observe that equivariant homotopy does
not change the diffeomorphism type of the quotient.
The analogous procedure can be done to f10. In this case θf10(p, w, y) = b(p, w)y¯.
In any case, the transition function behaves in the following manner: let X be a
G-manifold and let t : X → G satisfy
t(gx) = gt(x)g−1(3.10)
This property can be seem as a sole responsible for the existence and form of the
⋆-action. Furthermore, this property allows us to produce an equivariant diffeo-
morphism out of a ‘reentrance procedure’ ([DR09]): given t as above, we define
tˆ : X → X
x 7→ t(x)x
Equivariant homotopies of t produces isotopies of tˆ; we will use this fact in
theorem 13.
It happens that the quotient by the ⋆-action is completely described by this
diffeomorphism and this is a quite general fact (which does not depend on S7 or
Sp(2)). In what follows, we consider a more general context which reduces to the
case of pullbacks of Sp(2) when G = S3.
Let G acts on the unitary standard spheres Sk and Sl by linear actions and
consider Sn = Dk+1 × Sl ∪ Sk × Dl+1 as the G-manifold obtained by extending
linearly the product action on Sk × Sl. Also let a : Sk → G and b : Sl → G be
maps satisfying (3.10). Then, we define r : Sk × Sl → G as r(x, y) = a(x)b(y)−1.
PULLING BACK THE GROMOLL-MEYER CONSTRUCTION 7
We observe that r is equivariant in the sense of (3.10) with respect to the product
action on Sk × Sl so the map rˆ still makes sense.
We now consider an equivariant bundle over Sn using r as clutching map as
follows. Let Pr be defined as:
Pr = D
k+1 × Sl ×G ∪fr S
k ×Dl+1 ×G(3.11)
where fr(x, y, g) = (x, y, gr(x, y)). We see that the projection (x, y, g) 7→ (x, y)
clearly defines a principal fibration Pr → S
n and define a new action on Pr via the
local expression
(3.12) q ⋆ (x, y, g) = (qx, qy, gq−1)
This defines a global action since fr(q⋆(x, y, g)) = q⋆fr(x, y, g). This action is free,
since it is free in the G coordinate and an interesting point of this construction is
that we can, somehow, describe the quotient:
Theorem 3. The quotient of Pr by (3.12) is diffeomorphic to
Σr = D
k+1 × Sl ∪rˆ S
k ×Dl+1
where rˆ : Sk × Sl → Sk × Sl is defined by rˆ(x, y) = (r(x, y) · x, r(x, y) · y).
Proof. See [DRS10]. 
Grouping action (3.12) and the principal fibration Pr → S
n, we end with a
diagram analogous to (1.3).
(3.13) G
•
G
⋆
Pr
π

π′
// Σr
Sn
The special way on how the Gromoll-Meyer action descends to S7 allow us, when
G = S3, to realize these principal bundles as its pullbacks.
In fact, let a and b be as above with G = S3 and define its join product a ∗ b :
Sl+k+1 → S7 in join coordinates by
a ∗ b[x, y, t] = [a(x), b(y), t](3.14)
We observe that this map can be easily smoothed using mollifiers and the suitable
identification of Sn = Sl+k+1 we do below.
We recall that the join product of two spheres can be defined by the quotient
map q : Sl × Sk × [0, π/2]→ Sn:
q(x, y, t) = (cos tx, sin ty)(3.15)
So, if f = a ∗ b, f−1(D4 × S3) = Dl+1 × Sk and f−1(S3 ×D4) = Sl ×Dk+1. In
particular, if G = S3, f∗Sp(2)→ Sn is the bundle defined by
P = Dl+1 × Sk × S3 ∪ Sl ×Dk+1 × S3
with transition map θ ◦ f(x, y) = a(x)b(y)−1 = r(x, y), thus smoothly identifying
Pr with f
∗Sp(2). From our choice of trivializing subsets in P as pre-images of
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trivializing subsets in Sp(2), there is a tautological identification of P with f∗Sp(2)
via the embeddings
j1 : f
−1(D4 × S3)× S3 →M × Sp(2)
(x, g) 7→ (x, g • i1(x))
j2 : f
−1(S3 ×D4)× S3 →M × Sp(2)
(x, g) 7→ (x, g • i2(x))
where i1 and i2 are the embeddings defined by the trivializations D
4 × S3 × S3 →
Sp(2) and S3 × D4 × S3 → Sp(2). Realizing our identification as an equivariant
isomorphism of bundles, therefore, completely identifying the two bundles.
It is also not difficult to see that f8 and f10 are equivariantly homotopic to id ∗ η
and b ∗ id. We set as our next task, the identification of the differentiable class of
these manifolds. For this, in what follows, we work directly with a general r.
Proposition 4. If r : Sk × Sl → G is as in 3, then
rˆ = (aˆ× id) ◦ g−1b fa ◦ (id× bˆ
−1)
where gb and fa are the diffeomorphisms of S
k × Sl defined by
gb(x, y) = (b(y)x, y)(3.16)
fa(x, y) = (x, a(x)y)(3.17)
Observing that aˆ × id and id × bˆ−1 extends to Sk × Dl+1 and Dk+1 × Sl, re-
spectively, we conclude that Σr is diffeomorphic to the manifold obtained by gluing
Dk+1 × Sl with Sk × Dl+1 with diffeomorphism g−1b fa. We also observe that,
since the G actions on Sk and Sl are linear, they define group homomorphisms
∆1 : G→ SO(k+1) and ∆2 : G→ SO(l+1). By recalling the definition of plumb-
ing, we observe directly that the diffeomorphism g−1b fa define the plumbing mani-
fold formed by the homotopy classes of ∆1b : S
l → SO(k+1) and ∆2S
k → SO(l+1).
We state it as a corollary.
Corollary 5. The manifold produced by rˆ is diffeomorphic to the plumbing defined
by the homotopy classes of ∆2a and ∆1b.
Proof of Porposition 4: We first observe that, for fa(x, y) = (x, a(x)y), fa(aˆ×id) =
(aˆ× id)fa = Aˆ, where A(x, y) = a(x), and the analogous for b and B(x, y) = b(y).
In particular,
rˆ = Bˆ−1Aˆ
= g−1b (id× bˆ
−1)fa(aˆ× id)
= g−1b (aˆ× bˆ
−1)fa
However, g−1b (aˆ × id) = (aˆ × id)g
−1
b and (id × bˆ
−1)fa = fa(id × bˆ
−1) since, for
example in the first term,
f−1a (id× bˆ
−1)fa(x, y) = (x, a(x)
−1 bˆ−1(a(x)y)) = (x, bˆ−1(y)),
from the equivariance of bˆ. So
g−1b (aˆ× bˆ
−1)fa = g
−1
b (aˆ× id)(id× bˆ
−1)fa = (aˆ× id) ◦ g
−1
b fa ◦ (id× bˆ
−1) 
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In particular, in the case of f8, Σr is diffeomorphic to the plumbings of the
suspension of the generator of π4SO(3) and a generator of π3SO(5). For f10 we
have the plumbing of the suspension of a generator of π6SO(3) and a generator of
π3SO(7). According to [Sch72], these are the exotic 8 and 10 spheres, respectively.
4. A Gromoll-Meyer construction for Kervaire Spheres
There is another family of spheres that also admit a description as quotients of
sphere bundles over spheres. This is the well known family of Kervaire spheres which
we describe here as plumbed manifolds following [Bre72]. Let τ : Sn−1 → O(n)
be the characteristic class of the tangent bundle of the sphere (or, equivalently, its
frame bundle). This class has an special representative defined as
τ(x)v = 2 〈x, v〉x− v(4.1)
We readily see that τ is equivariant by O(n) in the following sense:
τ(gx) = gτ(x)g−1
From [Bre72], we know that the Kervaire sphere (or, more generaly, the Kervaire
manifold) can be expressed as
Σ2n−1 = Dn × Sn−1 ∪g−1τ fτ S
n−1 ×Dn(4.2)
where fτ and gτ are analogous to the ones defined on proposition 4. We follow
a similar approach to realize these manifolds as possibly interesting quotients. In
fact, from theorem 3 we see that Σ2n−1 is diffeomorphic to a quotient of the bundle
Pr where r(x, y) = τ(x)τ(y) and in what follows, we identify Pr as the pullback of
the homogeneous bundle O(n+ 1)→ Sn.
We recall that the projection prn : O(n+1)→ S
n onto the first column induces
a O(n)-principal bundle structue. The principal action is realized as right multipli-
cation by block diagonal ortogonal matrices whose first block is the 1× 1 matrix 1
and the other is any O(n) matrix.
It also admit an equivariant action induced by left multiplication by the same
type of block diagonal matix. We have, for any O(n) matrices g, h realized as such
block diagonal:
prn(gQh) = gprn(Q)(4.3)
This induces the standarrd linear O(n) action on Sn by fixing a vector e0.
Now, to get the right map we should have in mind that the pre-image of the
equator on Sn must be the torus Sn−1 × Sn−1 on S2n−1. This is accomplished,
for example, with representatives on the image of the J-homomorphisms (think for
example on constructing such representatives via Thom-Pontrjagyn). Explicitly,
we define the continuous map f2n−1 : S
2n−1 → Sn as
f2n−1(x, y) = expe0 πτ
( y
|y|
)
x(4.4)
This map is equivariant by the standard 2-axial action of O(n) on S2n−1 and
(4.3). Indeed
f2n−1(gx, gy) = expe0
(
πτ
( gy
|gy|
)
gx
)
= expe0
(
πgτ
( y
|y|
)
x
)
= g expe0 πτ
( y
|y|
)
x
since g fixes e0.
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Spelling out expe0 πx = cos(π|x|)e0 + sin(π|x|)x/|x|, we observe that the preim-
age of the equator with respect to the e0 coordinate is formed by the vectors
(x, y) ∈ S2n−1 with |x| = 1/2. This is exactly a torus Sn−1 × Sn−1 and induce a
decomposition
S2n−1 = Dn × Sn−1 ∪ Sn−1 ×Dn
Accordingly to all our proceeding discussion up to now, the clutching function of
the pullback bundle will be given by θ2n−1(x, y) = τf2n−1(x, y) and the last is, in
fact
τf2n−1(x, y) = τ
(
expe0 πτ
( y
|y|
)
x
)
= τ
(
τ
( y
|y|
)
x
)
= τ
( y
|y|
)
τ(x)τ
( y
|y|
)
which is actually equal to τ(y)τ(x)τ(y) after identification of the torus of unitary
spheres with the embedded one (note that τ(x)−1 = τ(x)). The equivariant bundle
formed by such map is indeed isomorphic to Pr, however, even easier to see is that
the induced diffeomorphism on the quotient is
(τˆ × id) ◦ g−1τ fτ ◦ (id× τˆ ) ◦ (id× τˆ )gτ
and, by the same arguments following proposition 4, the manifold glued by this
diffeomorphism is diffeomorphic to the one glued by gτfτ . According to [Bre72],
section 1.7, this defines the Kervaire manifold of dimension 2n− 1 which is home-
omorphic (and usually not diffeomorphic) to the sphere if n is odd.
We observe here that the biaxial action of O(n) on S2n−1 has no fixed points.
This is an interesting property if we have the application of the next section in
mind. However, when n is odd, we can obtain Sn as the quotient of U(k + 1) by
U(k), where n = 2k+1. If we carry on with an analogous construction, we end with
a biaxial action of U(k) on S4k+1 which has fixed points thus putting all Kervaire
sphere in the settings of the next section.
5. Wiedersehen Metrics and Exotic Diffeomorphisms
It is known ([Bes78]) that the behavior of the geodesics in the round sphere is
of a very special kind. This behavior can be seem in many forms and one is the
motivation of the following definition: a point x0 ∈ M in a Riemannian manifold
is called Blaschke if its cut locus is at constant distance from x0 and wiedersehen
if, in addition, its cut locus is a point. We call a manifold which admits a Blaschke
(wiedersehen) point as a pointed Blaschke (wiedersehen) manifold. The topological
structure of such manifold is given by
Theorem 6 (Weinstein, Allamigeon-Warner). A manifold Mn is a pointed Blaschke
manifold, if and only if M is diffeomorphic to D ∪σ E where D is a disc and E is
a disc bundle whose boundary is diffeomorphic to Sn−1 being σ : ∂Dn → ∂D(ξ) a
clutching diffeomorphism.
In particular, if M is pointed wiedersehen, the disc bundle above is the trivial
disc bundle over a point and σ : Sn−1 → Sn−1 is a clutching diffeomorphism that
defines M as an homotopy sphere.
The construction of a pointed Blaschke metric on such a manifold was carried
out by Weinstein ([Bes78]) using the existence of the clutching diffeomorphism. In
[Dur01], the process was reverted. Starting from an explicit Blaschke metric on the
PULLING BACK THE GROMOLL-MEYER CONSTRUCTION 11
Gromoll-Meyer exotic sphere, a formula for its clutching diffeomorphism is written,
inheriting symmetries of the Gromoll-Meyer sphere.
In this section, we observe that the method used on [Dur01] fits in a more general
context. diagram 1.3 works as a translator of ‘horizontal’ geodesics between M and
M ′. In fact, if we provide P with a metric invariant by both ⋆ and • actions, bihor-
izontal geodesics, i.e., geodesics horizontal with respect to both actions, descend to
both M and M ′ as geodesics which are orthogonal to orbits. We prove
Theorem 7. Let M and M ′ be manifolds fitting in the cross-diagram (1.3). Then,
M has a fixed point x0 which is Blaschke (wiedersehen) for a G-invriant metric if
and only if M ′ does.
This provides a big family of explicit pointed wiedersehen metrics on ours exotic
8, 10 and Kervaire spheres and also all exotic 7-spheres in [DPR10]. We follow some
of the ideas in [Dur01, ADPR07] and present some formulas for their attaching
diffeomorphisms.
An important point in the proof of theorem 7 is that we can find a special
trivialization around x0 from where we readily get some relevant properties.
Let π : P → M be a G-equivariant G-bundle which fits in a cross-diagram like
1.3. We first observe that since both actions on P commute, P can be regarded as
a G×G manifold and we can find a connection 1-form ω on π such that, if m is a
G-invariant metric on M , the connection metric induced by m and ω is invariant
by the G×G-action. In fact, we can average any connection 1-form by the ⋆ action
and get the desired result. Let us state it as a lemma.
Lemma 8. If M is a G-manifold and π : P → M is a G-equivariant G-principal
bundle then there exists a connection 1-form on π which is invariant by the non-
principal G-action. In particular, for any G-invariant metric m on M , there exists
a principal G ×G-invariant metric on P such that the submersion metric induced
by π is identical to m.
We also observe that if x0 is a fixed point then, for every p ∈ π
−1(x), there exists
an automorphism φ : G → G such that the isotropy group at p is the graph of φ,
i.e.,
(G×G) = {(r, φ(r)) ∈ G×G | r ∈ G}
A crucial observation here is the following.
Lemma 9. If there is an automorphism φ : G→ G such that (G×G)p is the graph
of φ, then (G× {id})p = ({id} ×G)p = (G×G)p. I.e., both actions have the same
orbit at p.
It is also not difficult to see that x′0 = π
′(p) ∈ M ′ is also a fixed point on M ′.
So, for simplicity, we change the •-action so that (G×G)p is the diagonal of G on
G×G, i.e., is the graph of the identity map. Note that any metric invariant by the
old actions is still invariant by the new actions.
Now, fixing a pointed Blaschke (wiedersehen) metric m of M at x0, we consider
a G ×G-invariant metric on P as in lemma 8 and its horizontal lift Lp : Tx0M →
TpP . Since the orbits of both ⋆ and • actions coincide at x0, the exponential map
expPp : TpP → P , restricted to Lp(Tx0M) provides geodesics which are all the time
orthogonal to the orbits of both actions, i.e., it provides geodesics horizontal to
both fibrations. In particular
π expPp (v) = exp
M
x0
(dπv) π′ expPp (v) = exp
M ′
x′
0
(dπ′v)
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The most surprising fact is the following.
Theorem 10. If D ⊂ Tx0M is a disc of radius ρ which is embedded on M by exp
M
x0
then dπ′Lp(D) ⊂ Tx′
0
M ′ is a disc of radius ρ embedded on M ′ by expM
′
x′
0
.
In particular, by assuming that M is Blaschke (wiedersehen) at x0, M
′ will be
so at x′0.
To avoid a cumbersome notation we use the following in the proofs
r ⋆ p = rp, g • p = pg−1
With this convention, for p with the chosen isotropy group, gpg−1 = p, for every
g ∈ G.
Proof of Theorem 10: Observe that expPp : TpP → P is a G × G-equivariant map
since we chose an invariant metric on P . The composition of this maps with Lp
together with the principal action defines a map Ψ : Tx0M ×G→ P by
Ψ(x, g) = expPp (Lpx)g
−1 = expPpg−1(Lpg−1x)
Since π(Ψ(x, g)) = x, if we restrict it to a subset D ⊂ Tx0M , Ψ will be a surjective
diffeomorphism onto its image as far as the restriction expMx0 |D is. In particular,
if D is a disc of radius ρ which is embedded through expMx0 then Ψ|D×G is an
embedding. To see that π′(Ψ(D × G)) is an embedded disc as well, we actually
identify the quotient of Ψ(D ×G) by the ⋆-action with D. Once this is done, it is
an easy exercise to check that this new disc embedded on M ′ has radius ρ and its
complement is exactly the cut-locus of x′0. We leave this part to the reader. (note
that expx0(D) = M
′). We claim that.
Lemma 11. Ψ(rx, gr−1) = r ⋆Ψ(x, g)
Proof. It is straightforward:
Ψ(rx, gr−1) = expPp (Lprx)rg
−1 = r expPr−1p(Lr−1p(x))rg
−1
= r expPpr−1(Lpr−1(x))rg
−1 = r expPp (Lp(x))r
−1rg−1
= r expPp (Lp(x))g
−1 = rΨ(x, g)
where the second equality holds from the equivariance of expPp with relation to the
⋆ action. 
In particular we get that the quotient of Ψ(D×G) by action ⋆ is diffeomorphic
to the quotient of D×G by r ⋆ (x, g) = (rx, gr−1). This last quotient is the known
usual action used to construct an associated bundle and has the same quotient as
the original one, i.e., in our case, it is diffeomorphic to D.

The main interest of theorem 10 is to provide a topological construction of
pointed Blaschke (wiedeserhen) metrics on the M ′ manifolds. This is a sort of
exoctification of a original, well-understood, manifold.
We now shift our attention to describe exotic diffeomorphisms of the spheres
produced by pullbacks. This is actually a simpler task and follows directly from
Theorem 12 ([Dur01]). The bundle pr : Sp(2)→ S7 is isomorphic to
D7 × S3 ∪fb D
7 × S3 → S7
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where fb(x, g) = (x, gb(x)) and b : S
6 → S3 is the Blackers-Massey element defined
by
b(p, w) =
{
w
|w|e
πp w¯
|w| , w 6= 0
−1 w = 0 .
where p ∈ ImH, w ∈ H and |p|2 + |w|2 = 1. Furthermore, the ⋆-action is given in
each D7 × S3 as
r ⋆ ((x, y), g) = ((rxr¯, ryr¯), gr−1)
Geometrically, we can realize the gluing D7 ∪ D7 = S7 by taking the two discs
as the upper and lower hemispheres of the unitary sphere S7 ⊂ H2 with respect
to the real part of the first coordinate. So the gluing is done along the subsphere
whose first coordinate has vanishing real part, making sense with the definition of
b : S6 → S3.
By doing so, we also realize hemisphere decompositions on both S8 and S10:
S7 = f−18 (S
6) = {(λ, x, w) ∈ S8 | λ = 0}
S9 = f−110 (S
6) = {(x, p, w) ∈ S10 | ℜx = 0}
Noticing that the relatives upper and bottom hemispheres are all invariant sub-
manifolds with respect to the action, we realize the bundles f∗8Sp(2) and f
∗
10Sp(2)
as the
f∗nSp(2) = D
n × S3 ∪Dn × S3
with transition function fbfn(x, g) = (x, gb(fn(x))) for n = 8, 10.
Explicitly we have
Theorem 13. Let θ8 : S
7 → S3 and θ10 : S
9 → S3 be defined as
θ8(λ, x, w) =
{
w
w
eπxix¯ w¯
w
, w 6= 0
−1 w = 0 .
,
θ10(x, p, w) =
{
b(p, w)eπxb(p, w)−1, w 6= 0
−1 w = 0 .
Then θˆ8 : S
7 → S7 and θˆ10 : S
9 → S9 are diffeomorphisms which are not isotopic
to the identity and represents the exotic 8-sphere and a generator of the subgroup
of 10-spheres that bounds paralellizable manifolds.
An application of this theorem is an explicit isotopy from twice of the exotic
diffeomorphism of the 7-sphere to the identity. This is produced by the means of
an equivariant homotopy from θ8 to θ
−1
8 .
In fact, let α(t) = cos ti+sin tj, where i and j are the usual unitary quaternions.
We see that α(t)ImH for every t and that α(π) = −α(0). The desired isotopy is
induced by the extension by −1 of
θ8,t(x,w) =
w
w
eπxα(t)x¯
w¯
w
,
We have,
θˆ8,tθˆ8 = θ̂8θ8,t
which is equal to θˆ28 when t = 0 and to the identity when t = π.
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